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Abstract. We prove a unique continuation principle for spectral projections 
of Schrodinger operators. We consider a Schrodingcr operator H = — A + V on 
h 2 (K d ), and let H\ denote its restriction to a finite box A with either Dirichlct 
or periodic boundary condition. We prove unique continuation estimates of the 
type Xi{H^)WXi(H\) > k Xi(H^) with ft > for appropriate potentials W > 
and intervals /. As an application, we obtain optimal Wegner estimates at all 
energies for a class of non-ergodic random Schrodingcr operators with alloy- 
type random potentials ('crooked' Anderson Hamiltonians). We also prove 
optimal Wegner estimates at the bottom of the spectrum with the expected 
dependence on the disorder (the Wegner estimate improves as the disorder 
increases), a new result even for the usual (ergodic) Anderson Hamiltonian. 
These estimates are applied to prove localization at high disorder for Anderson 
Hamiltonians in a fixed interval at the bottom of the spectrum. 



1. INTRODUCTION 

Let H = — A + V be a Schrodinger operator on L 2 (R d ). Given a box (or cube) 
A = Ai(xo) C K d with side of length L and center x € R d , let Ha = -Aa + Va 
denote the restriction of H to the box A with either Dirichlet or periodic boundary 
condition: Aa is the Laplacian with either Dirichlet or periodic boundary condition 
and Va is the restriction of V to A. (We will abuse the notation and simply write 
V for Va, i-e., if a = — Aa + V on L 2 (A).) By a unique continuation principle for 
spectral projections (UCPSP) we will mean an estimate of the form 

Xi(Ha)Wxi(H a ) > kXi(H a ), (l.l) 

where Xi is the characteristic function of an interval I C K, W > is a potential, 
and k > is a constant. 

If V and W are bounded Z d -periodic potentials, W > with W > on some open 
set, Combes, Hislop and Klopp [CHK1, Section 4], [CHK2, Theorem 2.1] proved 
a UCPSP for H A with periodic boundary condition, for boxes A = Al(xq) C M. d 
with LgN and xq € Z d and arbitrary bounded intervals /, with a constant k > 
depending on d, I, V, W but not on the box A. Their proof uses the unique continua- 
tion principle and Floquet theory. Germinet and Klein [GK4, Theorem A. 6] proved 
a modified version of this result, using Bourgain and Kenig's quantitative unique 
continuation principle [BK, Lemma 3.10] and Floquet theory, obtaining control of 
the constant k in terms of the relevant parameters. 
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Rojas-Molina and Veselic recently proved "scale- free unique continuation esti- 
mates" for Schrodinger operators [RV, Theorem 2.1] (see also [R2, Theorem A. 1.1]). 
They consider a Schrodinger operator H = — A + V, where V is only required to be 
bounded, and its restrictions if a to boxes A with side L £ N with either Dirichlct 
or periodic boundary condition. They decompose the box A into unit boxes, and 
for each unit box pick a ball of (a fixed) radius 5 contained in the unit box, and 
let W be the potential given by the sum of the characteristic functions of those 
balls. Using the quantitative unique continuation principle, they prove that if i/> is 
an eigenfunction of H\ with eigenvalue E (more generally, if |A^| < \{V — E)tp\), 
then 

H^ll2>MIV>ll2> (1.2) 

where the constant k > depends only on d, V, 5, E, and is locally bounded on E. 
Since (1.2) is just the UCPSP (1.1) when I = {E}, this begs the question of the 
validity of a UCPSP in this setting, and Rojas-Molina and Veselic mentions it as 
an open question in [RV]. 

In this article we prove a UCPSP for Schrodinger operators (Theorem 1.1) that 
gives an affirmative answer to the open question in [RV]. Using Theorem 1.1, we 
obtain (Theorems 1.4 and 1.5) optimal Wegner estimates (i.e., with the correct 
dependence on the volume and interval length) at all energies for a class of non- 
ergodic random Schrodinger operators with alloy-type random potentials (called 
crooked Anderson Hamiltonians in Definition 1.2). We also prove (Theorem 1.6) 
optimal Wegner estimates at the bottom of the spectrum for crooked Anderson 
Hamiltonians that have the expected dependence on the disorder (in particular, 
the Wegner estimate improves as the disorder increases), a new result even for the 
usual (ergodic) Anderson Hamiltonian. Using Theorem 1.6, we prove localization 
at high disorder for Anderson Hamiltonians in a fixed interval at the bottom of the 
spectrum (Theorem 1.7); such a result was previously known only with a covering 
condition [GK2, Theorem 3.1]. 

We use two norms on ~R d : 

\x\ = \x\ 2 := N 2 ^j and Moo : = 3= ™ aX ' < - 1 ' 3 ' ) 

where x — (xi,X2, ■ ■ ■ ,Xd) G M d . Distances between sets in R d will be measured 
with respect to norm \x\. The ball centered at x £ M. d with radius S > is given by 

B(x,6):={yeR d ;\y-x\<S}. (1.4) 

The box (or cube) centered at x £ M. d with side of length L is 

A L (x)=x+]-^±[ d ={yeR d ] |y-x| 00 <|}; (1.5) 

we set 

A L (x) = A L (x)nZ d . (1.6) 

Given subsets A and B of R d , and a function ip on the set B, we set (fA '■= PXahb- 
In particular, given x € E d and S > we write (p x ,s '■= ^Pb{x,5)- We let N dd denote 
the set of odd natural numbers. By a constant we will always mean a finite constant. 
We will use C a M,..., C' a b , C(o, b, ...), etc., to denote a constant depending only 
on the parameters a, b, . . .. 
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Theorem 1.1. Let H = — A + V be a Schrddinger operator on L 2 (R d ), where V is 
a bounded potential. Fix S g]0, 5], let {j/fc} fceZ d be sites in M. d with B(yk, 5) C Ai(fc) 
for all k G 1i d , and set 

W = £ X B (y k , S) - (1.7) 

Given E > 0, set K = K(V,E ) = 2 WVW^ + E . Consider a box A = A L (x ) ; 
where xq g Z d and L g N dd> 

L > There exists a constant Md > 0, such 

that, defining 7 = 7(d, if, <5) > by 

M d ( l+A't 



7 2 = F r '" V . (1-8) 
</ien /or any closed interval I c] — 00, -Eo] wzi/i |/| < 27 we have 

X/(#a)WX/(Ha) > 7 2 X/(H A ). (1.9) 

Theorem 1.1 is proved in Section 2. It is derived from the quantitative unique 
continuation principle given in [BK1, Theorem 3.2] using the "dominant boxes" 
introduced by Rojas-Molina and Veselic [RV, Subsection 5.2], [R2, Appendix A]. 

Combes, Hislop and Klopp used the UCPSP to prove Wegner estimates for An- 
derson Hamiltonians, random Schrodinger operators on L 2 (M d ) with gZ d -periodic 
background potential (q <E N) and alloy-type random potentials located in the lat- 
tice Z d ; the estimate (1.1) replaces the covering condition required by Combes and 
Hislop [CH]. They obtained optimal Wegner estimates at all energies for these 
crgodic random Schrddinger operators [CHK2, Theorem 1.3]. 

Rojas-Molina and Veselic used (1.2) to prove Wegner estimates at all energies, 
optimal up to an additional factor of |log ( |/| denotes the length of the interval 
J), for a class of non-ergodic random Schrodinger operators on L 2 (R d ) with alloy- 
type random potentials, including Delone- Anderson models [RV, Theorem 4.4]. 
They also proved optimal Wegner estimates at the bottom of the spectrum [RV, 
Theorem 4.11] 

These non-ergodic random Schrddinger operators are 'crooked' versions of the 
usual (ergodic) Anderson Hamiltonian. Theorem 1.1 leads to optimal Wegner esti- 
mates at all energies for crooked Anderson Hamiltonians. 

Definition 1.2. A crooked Anderson Hamiltonian is a random Schrodinger oper- 
ator on L 2 (IR d ) of the form 

H U :=H + V U , (1.10) 

where: 

(1) H = - A + V(°\ with a bounded potential and inf <t(H ) = 0. 
(ii) is a crooked alloy- type random potential: 

V u (x) := (JjUj(x), with Uj(x) = Vj(x — yj), (1-H) 

where, for some 5- g]0, ^] and u_,5 + , M g]0,oo[: 

(a) {yj}j£ Z d are sites in M. d with B(yj, S-) C Ai(j') for all j G Z, d ; 

(b) the single site potentials {vj} . gZd are measurable functions onM. d with 

U-Xb(o,5_) < vj < Xa 5 .(o) for all j g Z d ; (1.12) 
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(c) U) = {LUj}j eZ d is a family of independent random variables whose 
probability distributions {A*j}j6z d are non- degenerate with 

supp [ij C [0, M) for all jeZ d . (1.13) 

If the background potential is gZ d -periodic with q <E N, and yj = j and 
Vj = vq for all j £ Z d , then is the usual (ergodic) Anderson Hamiltonian. 

Given a crooked Anderson Hamiltonian H^, we will use the following notation, 
definitions, and observations: 

• We let := H^ )^, and set 

U ( X )~Y,„M X )> 80 U 0C :=\\U\\ 00 <(2 + S + ) d . (1.14) 



• We have 

II K; Hoc < MUoc, and hence 

• We set 



V {0) +V U < + MUoo. (1.15) 

GO 

W := Xb(w,«-) = XiWfl( w ,ff_), ( L16 ) 



and note that 

O^W^uZ^ and 11^11^ = 1. (1.17) 

• We will consider only boxes A = A L (x ), where x & % d and L £ N 0( jd- 
For such a box A we define finite volume crooked Anderson Hamiltonians, 
with either Dirichlct or periodic boundary condition, by 

^,A = ^o,A + ^i A) on L 2 (A), (1.18) 

where i?o,A is the restriction of Hq to A with the specified boundary con- 
dition, and 

VS A) {x) :=J2 u i u j( x ) for xeR d . (1.19) 

We also set 

U w (x) :=Y,Uj(x) < U(x), (1.20) 
j'gA 

W^\x) :=$> fl ( Wl *_)(x)) <uZW A \x), (1.21) 

and note that W w (x) = W(x) for ieA. 

• We write P U ,\(B) := Xb(H u>a ) for a Borel set B C R d . 

• Given a box A, we set 5a it) '■= max^-j^.^) for i > 0, where 5 M (f) := 
sup agR /^([a,a + t]) denotes the concentration function of the probability 
measure \x. 

Remark 1.3. We defined a normalized crooked Anderson Hamiltonian. Requiring 
inf o~(Hq) = is just a convenience. It suffices to have Vj < u+ for all j E 7L d 
for some u + g]0,oo[ in (1.12) (we took u + = 1), and we need only supp /ij C 
[M_,M + ] for all j £ 7L d with M± G K in (1.13). Since an unrenormalized 
crooked Anderson Hamiltonian is always equal to a renormalized crooked Anderson 
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Hamiltonian plus a constant (see the argument in [GK4, Subsection 2.1}), there is 
no loss of generality in taking H^ as in Definition 1.2. 

Let H u be a crooked Anderson Hamiltonian H^. Using the UCPSP of Theo- 
rem 1.1 with H = Hq and W as in (1.16), we can simply follow the proof in [CHK2] 
obtaining the following extension of their results for crooked Anderson Hamiltoni- 
ans. 

Theorem 1.4. Let be a crooked Anderson Hamiltonian. Given Eq > 0, set 
K = E + 2Vc£', and define 70 = 70 (d, Kq, <5_) > by 



M d ll+K 6 

ll = ¥- 1 (1-22) 

where Md > is the constant of Theorem 1.1. Then for any closed interval I C 
] — oOjE'o] with \I\ < 2-fo and any box A = Al(xq), where xq G Z, d and L G N dd, 
L > 72Vd + 5+, we have 



B{fW<^M,4l + ^ '° s ~ )S A (\I\)\M- (1.23) 

We may also use Theorem 1.1 with H = Hq + V^ and W as in (1.16), obtaining 
the UCPSP (1.9) with a constant 7 independent of u>. In Lemma 3.1 we show how 
this implies a Wegncr estimate. Combining Theorem 1.1 and Lemma 3.1 yields the 
following optimal Wegncr estimate. 

Theorem 1.5. Let H^ be a crooked Anderson Hamiltonian. Given Eq > ; set 
K = E + 2 (ui 0) + MUoo), and define 7 = j(d, K, <5_) > by 



M d { l+K'S 

1 2 = ¥_ V (1.24) 

where Md > is the constant of Theorem 1.1. Then for any closed interval L C 
] — oOjE'o] with \I\ < 27 and any box A = Al(xo), where x$ G 7L d and L G N dd ; 
L > 72\d + 5 + , we have 

E{tvP u , A (I)}<C dig+y£) (uZ 2 i-Hl + E )f +l ° e2 5 A (|7|)|A|. (1.25) 

Theorems 1.4 and 1.5 are proved in Section 3. They both give optimal Wegner 
estimates valid at all energies, but the constants in (1.23) and (1-25) differ on their 
dependence on the relevant parameters. 

The constants in (1.23) and (1-25) grow fast with the disorder. To see that, 
consider H^ x = Hq + \V W , where Hq and are as in Definition 1.2 and A > 
is the disorder parameter. H^^x can be rewritten as a crooked Anderson Hamil- 
tonian Hu = Ho + Vu, in the form of Definition 1.2 by replacing the probability 
distributions by the probability distributions j/^^} where /i*- is 

the probability distribution of the random variable XtOj, that is, 

nf ] {B) = ^(X^B) for all Borels sets Bel. (1.26) 

We clearly have S = and it follows from (1.13) that 

supp/4 A) C [0,M A ], where M X = XM. (1.27) 
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Applying the Wegner estimates (1-23) and (1-25) to H Wt x we get (we omit the 
dependence on the constants from Definition 1.2) 

E{trP^ A , A (/)}<C Bo (l + A 22+ *)5 A (A- 1 |^l)|A| from (1.23), (1.28) 

E{trP w . A , A (/)} < Ce g E ° ) ,9a (A -1 |/|) |A| from (1.25). (1.29) 

The constants in these Wegner estimates grow as the disorder increases. 

The Wegner estimate (1-28) is what one gets for the usual Anderson Hamiltonian 
from [CHK2] without further assumptions. But if the crooked Anderson Hamilton- 
ian satisfies the covering condition U (A) > aX\ for some a > 0, the UCPSP (1.1) 
holds trivially on L 2 (A) for all intervals I with H = H aA or H = H Ut \, W = £/ (A) , 
and k = a, so, either proceeding as in [CH] if we use (1.1) with H = Hq, or using 
Lemma 3.1 if we take H = in (1.1), we get an optimal Wegner estimates of the 
form 

E{trP w , A (/)} < C d S+ a vL o ) Eo S A (\I\) |A| . (1.30) 

Note that the constant does not depend on M, so introducing the disorder param- 
eter A we get 

E{trP w , AiA (/)} < C^ ^^SAiX- 1 \I\) |A| . (1.31) 

In other words, the constant in the Wegner estimate improves as the disorder in- 
creases. 

Up to now an estimate like (1.31) had not been proven for Anderson Hamiltonians 
without the covering condition. While we are not able to prove this estimate at all 
energies without the covering condition, we can prove them at the bottom of the 
the spectrum, a new result even for the usual (ergodic) Anderson Hamiltonian. 

We write to denote the restriction of a Schrodinger operator H to the box 

A with Dirichlet boundary condition, and set pjf\B) := Xb(H^). We recall 

that Dirichlet boundary condition implies inf a(H^) > mfa(H). 

Given a crooked Anderson Hamiltonian H u , we define finite volume operators 

H L D i = h o°a + V " A) > and let p L D l( B ) ■= Xb(H^I). We set H(t) = H + tu.W 
for t > 0, and note 

< E(t) := Ma{H(t)) < P A D) (t) := inf a(H { ° ] t)). (1.32) 

By our normalization E(0) = 0, and it follows from the min-max principle that 
< E(t 2 ) - E(ti) < (i 2 - h)u- for < t x < t 2 . We may thus define 

E{oo) := lim E(t) = sup E(t) G [0,oo]. (1.33) 

i>0 

If W = 1 we have E(oo) = oo. But if not, that is, if T = R d \ \J jeZd B(y ,5-) ^ 0, 
letting HjyY denote the restriction of Hq to T with Dirichlet boundary condition, 
we get 

E(t) < E(T) := Ma{H$) < oo for t > =^> E(oo) < E(T) < oo. (1.34) 

More importantly, Rojas-Molina and Veselic proved that E(oo) > [RV, Theo- 
rem 4.9], [R2, Theorem A. 3.1]. By a similar argument, we establish strictly positive 
lower bounds for E{t) and E{oo) in Lemma 4.2. 
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Theorem 1.6. Let be a crooked Anderson Hamiltonian. Then E(oo) > and, 
given E\ £\Q,E(oo)[, we have 

k = k(H ,u-W,Ei)= sup ^0) > o. (1.35) 

s>0; E(s)>Ei s 

Consider a box A = Al(xq) with xq € Z rf and L € N dd ; £ > 2 + <5 + . TTien 

P^G -oo,^])[/( a )P^(] -oo,^]) > KPi D l(]-™,E 1 }), (1.36) 
and for any closed interval I c] — oo,Ei] we have 

E {trPS(/)} < C d 4+ >y (o, ( K " 2 (l + Pi)) 2 ^ S A (|J|) |A| . (1.37) 
In particular, for all disorder A > we have 

E {^pL D Ia(I)} < C d , S+ ,v^ («" 2 (1 + ^i)) 2l+ ^ ^(A- 1 |J|) |A| . (1.38) 
for any closed interval I c] — oo, 

Theorem 1.6 is proven in Section 4. We use Lemma 4.1, a slight extension 
of an abstract UCPSP due to Boutet de Monvel, Lenz, and Stollmann [BoLS, 
Theorem 2.1], to prove (1.36). The estimate (1-37) then follows from Lemma 3.1. 
Since n in (1.35) does not depend on M, Lemma 3.1 gives a constant in the Wegner 
estimate (1.37) independent of M, so (1.38) follows. 

Theorem 1.6 is the missing link for proving localization at high disorder for 
Anderson Hamiltonians in a fixed interval at the bottom of the spectrum. This was 
previously known only with a covering condition [/( A ) > ckXa, where a > [GK2, 
Theorem 3.1]. 

We state the theorem in the generality of crooked Anderson Hamiltonians. (The 
bootstrap multiscale analysis can be adapted for crooked Anderson Hamiltonians 
[Rl, R2].) By complete localization on an interval / we mean that for all E E I 
there exists 5(E) > such that we can perform the bootstrap multiscale analysis on 
the interval (E — 5(E), E + 5(E)), obtaining Anderson and dynamical localization; 
see [GK1, GK2, GK3]. 

Theorem 1.7. Let H^.x be a crooked Anderson Hamiltonian with disorder A > 0, 
and suppose the single-site probability distribution \i has a bounded density (or is 
uniformly Holder continuous). Given E\ (£]0, E(oo)[, there exists X(Ei) < oo (de- 
pending also on d, V^o\ u_, 5±, U, fi), such that Hu,\ exhibits complete localization 
on the interval [0, E\[ for all A > A(-Ei). 

Theorem 1.7 is proven in Section 4. 

2. Unique continuation principle for spectral projections 

In this section we prove Theorem 1.1. We start by recalling the quantitative 
unique continuation principle as given in [BK1, Theorem 3.2]. 

Theorem 2.1. Let il be an open subset of M d and consider a real measurable 
function V on ft with ||V|| < K < oo. Let ip € H 2 (f2) be real valued and let 
C G L 2 (£l) be defined by 

-Ai< + Vip = ( a.e. on Q. (2.1) 
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Let Q d be a bounded measurable set where \\tp0W2 > 0- Set 

Q(x, 8) := sup |s/ - x| for x G fl (2.2) 

y ee 

Consider xq £ \ smc/i i/iai 

Q = Q(a;o,e)>l and B(x , 6Q + 2) C 0. (2.3) 

Then, given 

0<(5<mm{dist(a; ,e),i}, (2.4) 

we /iawe 

/ r N m<i(i+J<rl)(ol+iogJ{|4a) 

(^J 2 Udells ^ll^lla + ^HColla > ( 2 - 5 ) 

where > is a constant depending only on d. 

Note the condition S < \ in (2.4) instead of S < i as in citc[Eq. (3.2)]BK1. All 
that is needed in (2.4) is an upper bound S < So; the constant md in (2.5) then 
depending on So- 

Theorem 2.2. Let H=—A + Vbea Schrddinger operator on L 2 (R d ), where V 
is a bounded potential with || < K. Fix 5 G]0, ^], let {yk}kez d ^ e s ^ es * n 
with B(yk,5) C Ai(fc) for all k £ 1 d . Consider a box A = Al(xq), where xo G 7L d 
and L £ N 0( jd; L > 12\fd. Then for all real-valued ip G 2?(Aa) we Ziaue 

,5 Md ( 1+A '") ||^ < £ ||^|j 2 + A 2 ||((_a + Vm\l , (2.6) 
fee A 

where Md > is a constant depending only on d. 

Proof. Without loss of generality we take xq = 0, so A = A^(0) with L £ N 0( jd, 
L > 72\[d. As in [GK4, Proof of Corollary A.2], we extend V and functions 
ip G L 2 (A) to U d as follows. 

Dirichlet boundary condition: Given ip £ L 2 (A), we extend it to a function 
tp £ L 2 oc (R d ) by setting <p = <p on A and <p = on dA, and requiring 

<p(x) = -<p(x + (L - 2xj)ej) for all x£R d and j G {1, 2 . . . , d} , (2.7) 

where {e 3 -} . =1 2 d is the canonical orthonormal basis in R d , and for each ieRwc 
define t G] — 4] by i = fcL + i with fe G Z. We also extend the potential V to a 
potential 1/ on R d by by setting V — V on A and 1/ = on dA, and requiring that 
for all x £ R d and j G {1, 2 . . . , d} we have 

= ?(x + (i - 25})e i ). (2.8) 

Note that \\V\\oo = Halloo < Moreover, -0 G V(A A ) implies -0 G H 2 oc (R d ) and 

Periodic boundary condition: We extend y> G L 2 (A) and V to periodic functions 
ip and V on R d of period X; note HVH^ = H^H^ < K. Moreover, ip G P(A A ) 
implies ^ G H 2 oc (R d ) and we have (2.9). 
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We now take Y £ N dd, Y < k (to be specified later), and note that since L is 



odd. we have 



A= (jAi(fc). 



fceA 



It follows that for for all tp £ L 2 (A) we have (see [RV, Subsection 5.2]) 
i2 \< (2Y) d \\(p\\1 for Dirichlct boundary condition 



E 



fceA 



|PA y (fc)|| 2 



F d |M| 



for periodic boundary condition 



(2-10) 



(2.11) 



We now fix ip £ P(Aa)- Following Roj as- Molina and Veselic, we call a site fceA 
dominating (for if 

2 



IV'AiCfe) || 2 > 2(wy 



'/'Ay (fc) 



(2.12) 



J(k) = 



Letting D C A denote the collection of dominating sites, Rojas-Molina and Veselic 
[RV, Subsection 5.2] observed that it follows from (2.11), (2.12), and (2.10), that 

E Ik'AiwIla ^ \ Wa- 
neS 

We define a map J : D — > A by 

ffc + 2ei if k + 2ci £ A 
[fc - 2ci if fc + 2ci <^ A 

Note that J is well defined, 

#J" 1 ({j})<2 for all j£A, 

and recalling (2.2), 

Q(y Jik ),Ai(k)) = ±v / 24Td < |Vd for all fc £ D. 
Choosing 

V = min {n £ N odd ;n > 2 (3V24 + d + 2) } < 6 (\/24 + d + l) < 36^, (2.17) 



(2.13) 

(2.14) 

(2.15) 
(2.16) 



we have Y < ^ and 



fl(yj(fc),6Qfo J(fc) ,Ai(fc)) + 2)c Ay(fc) for all k £ D. 



(2.18) 



For each k £ D we may thus apply Theorem 2.1 with ft = Ay(fc) and = Ai(fc), 
using (2.16) and (2.12), obtaining 



™' d (l+KH 



CAy(fc) 



(2.19) 



where C = ( — A + V)?p and > is a constant depending only on d. Summing 
over fc £ D and using (2.13), (2.15), (2.11), and (2.17), and we get 



(2.20) 



fceA 



< 



2 E 11^2 + (72^) d <5 2 ||C|| 



2 

2 ■ 



fceA 



so (2.6) follows. 



□ 
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Comment. The final version of [RV] uses a map similar to (2.14) ; see [RV, Sub- 
section 5.3] . 

Wc are now ready to prove Theorem 1.1. 

Proof of Theorem 1.1. Given E > 0, set K = K(V, E ) = 2 WVW^ + E , and let 7 
be given by (1.8), where > is the constant in Theorem 2.2. Let / c] — 00, E ] 
be a closed interval with |/| < 27. Since a(H\) C [— ||V"|| , 00 [ for any box A, 
without loss of generality. we assume / = [E — 7, E + 7] with E £ [— || VH^ , Eq], so 

\\V - £|L < \\VWn + max{£ , \\V\U < K. (2.21) 
Moreover, for any box A we have 

||(^A-£0V>lla<7W2 fora]1 V^eRanX/(HA). (2.22) 

Let A be a box as in Theorem 2.2. Let tp € RanXj(-f^A) be real- valued. It follows 
from Theorem 2.2, (1.8), and (2.22) that 

2 1 2 Ml<J2H'y k Al+l 2 H'\\l (2-23) 

fcSA 

which, recalling (1.7), is the same as 

7 2 H\\l <\\Wi>\\ 2 2 . (2.24) 

Since RanX/(^A) has an orthonormal basis consisting of real- valued functions, 
(2.24) implies (1.9). □ 

3. Wegner estimates 
In this section we prove Theorems 1.4 and 1.5. 

Note that for a crooked Anderson Hamiltonian and a box A, we always have 
o-(H 0: \) C [— a, oo[ and o-(Hu,k) C [— a, oo[, (3.1) 

where a = for Dirichlet boundary condition and a = for periodic boundary 
condition. 

Proof of Theorem 1.4- Let be a be a crooked Anderson Hamiltonian. Given 
E > 0, set K = E Q + 2V<£\ and define 70 by (1.22). We apply Theorem 1.1 with 
H = Hq and W as in (1.16), concluding that for any closed interval / c] — 00, Eq] 
with |/| < 270 and any box A as in the hypotheses of the theorem, we have, using 
also (1.17), 

Xi(#o,a) < 1o 2 Xi( h o,aW {A) Xi(H ,a) < w: 1 7 " 2 X/(^A)t/ (A) X/(ffo,A). (3.2) 

In view of (3.1), it suffices to take / C [—a, Eo}. We can now follow the proof in 
[CHK2], using (3.2) instead of [CHK2, Theorem 2.1], and keeping careful track of 
the dependence of the constants on the relevant parameters, obtaining (1.23). □ 

We now turn to the proof of Theorem 1.5. We start by showing that, given a 
crooked Anderson Hamiltonian the UCPSP (1.1), with H = H^, W = U, and 
a constant k independent of oj implies a Wegner estimate. 
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Lemma 3.1. Let be a crooked Anderson Hamiltonian. Let I c] — oo,Po] 
be a closed interval and A = Al(xo) a box centered at xq £ Z d with L £ Nodd, 
L > 2 + 5+ . Suppose there exists a constant k > such that 

Pu,a( I ) U ^ P <->,A-( i ) ^ kP^A 1 ) with probability one. (3.3) 

Then 

I{trP u ,A(/)}<C w+ ^, ( K - 2 (l + S )) 2 °" 5 A (|/|)|A|. (3.4) 

Proof. Wc fix the box A, let P = P w .a(7) for a closed interval 7 c] — oo,Po], an d 
simply write P for U^ A > . Then it follows from (3.3), using (3.1), that 

tr P < k- 1 tr PPP = kT 1 tr VUpVU < «T 2 tr VuPUPVU = kT 2 tr PUPU 
= k~ 2 trPUPUP < k~ 2 (1 + a + P ) trPf/(77 u , iA + 1 + a) _1 PP 
< k~ 2 (1 + a + P ) tr PU(H ,A + 1 + cO^C/P (3.5) 
= k~ 2 (1 + a + P ) tr UPU{H 0:A + 1 + a)" 1 
= k~ 2 (1 + a + E ) 2J tT^/UjPy/UiTij, 

where 

Ty ; = V^I(^o,A + l + a) _1 V% for UeA. (3.6) 
Wc now proceed as in [CHK2, Eqs. (2.10)-(2.16)], adapting [CHK2, Lemma A.l]. 
Using suppitj C Ai + s + {j), the resolvent identity (several times), trace estimates, 
and the Combes-Thomas estimate we obtain 

Mi < Cie 01 ^! for all i,j £ A with \i - > 2 + S+, (3.7) 

where the constants C\ and c\ depend only on d, 6+, VoS ■ Given i £ A, we set 

Ji= jjeA; \\i-j\ 00 <2 + 8+}; note that # J 2 < (2 + 5+) d . (3.8) 

We have 

"' \ ~'\ = { " \ "/'x + ^^/u]Py/ulT i:j \ . (3.9) 
ijeA ieA I J 
Using spectral averaging [CHK2, Lemma 2.1] and (3.7) we get 



E 



<C 2 5 A (|/|)|A|, (3.10) 



where C2 depends only on d, (5+ , V^o ■ 
Now let 

p A = Yl E v^Tv^uj =J2J2 + 1 + a )~ lu ^ ( 3 - u ) 

so 

E Z! tr V^ P Vui T ij = t r pr A- (3-12) 

ieA^ 
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Proceeding as in in [CHK2, Eqs. (A.4)-(A.5)], we get 

\tvPT A \< (f; 2Jgi ^ ,_ t ) tr P + ^^L— tr P (PaTa? , (3.13) 



\i=i / 

for all m e N, <Tj > for j = 1, 2, . . . , m, and cr = 1. We take /3 = (k~ 2 (1 + Eq))~ 
and choose <x,- = /3 2J 1 , so 

|trPT A | < a {I - 2~ m ) ir P + 2- m ft 1 - 2 ™ tr P {T A TXf m ~* . (3.14) 
It follows from (3.5), (3.9), (3.10), (3.12), (3.14) that 

EtrP < C 2 *T 2 (1 + E + a)S A {\I\) |A| + (l - 2" m )EtrP (3.15) 
+ 2- m (k- 2 (1 + a + P )) 2 '" E {trP (TaT;) 2 ™"} , 

so 

EtrP< C 2 2 m K- 2 (l + a + P )5 A (|/|)|A| (3.16) 
+ (k- 2 (1 + a + Po)) 2 ™ E {tr P (T A rX) 2m_1 } . 

We now estimate E {tr P (T A TJQ 2 j as in [CHK2, Lemma A.l]. Since we have 
Mi(Po,A + 1 + ay 1 u 3 g T q for q > |, letting 

m d = min {m g N; 2 TO " 1 > f } = min {m g N; m > {§§f - l} , (3.17) 
we obtain, similarly to [CHK2, Eq. (A.8)] 

(PaPI) 2 ^'^^^, |A|, (3.18) 
and conclude, using spectral averaging as in [CHK2, Eqs. (2.17)-(2.19)], that 

|E{trP(P A PX) 2md "}| < C^ +)V .co,S A (|/|)|A| (3-19) 
Putting together (3.16) and (3.19) we get 

Etr P < C dtS+<v m (>^ 2 (1 + a + Po)) 2 '"" S A (\I\) |A| , (3.20) 

and (3.4) follows, changing the constant to absorb a in case of periodic boundary 
condition. □ 

We are ready to prove Theorem 1.5. 

Proof of Theorem 1.5. Let be a be a crooked Anderson Hamiltonian. Given 
P > 0, set K = P + 2 (V4 0) + MJ/oo), and define 7 by (1.24). Given a box A as 



in the theorem, we apply Theorem 1.1 with H = Ho + and W as in (1.16), 
concluding that for any closed interval I c] — 00, Po] with |/| < 27 we have, using 
also (1.21), 

Xi(H u ,a) < 7~ 2 X/(£W)VF (a) X / (P w .a) < w: 1 7 _2 X/(Pc,a)l/ (A) X/(P 1 ,,a). 

(3.21) 

We now apply Lemma 3.1, getting (1.25). □ 
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4. AT THE BOTTOM OF THE SPECTRUM 

The following lemma is a slight extension of [BoLS, Theorem 2.1]. 

Lemma 4.1. Let Hq be a self-adjoint operator on a Hilbert space %, bounded from 
below, and letY > be a bounded operator on %. Let H(t) = Ho+tY for t > 0, and 
set E(t) = inf a(H(t)), a non- decreasing function oft. Let E(oo) = lim^oo E(t) = 
snp t y E{t). Suppose E(oo) > E(0). Given E x e]E(0), E(oo)[, let 

k = k(H q ,Y,E 1 ) = sup E ^ - — > 0. (4.1) 

s>0: B(s)>_Ei s 

Then for all bounded operators V > onli. and Borel sets Be] — oo, E\] we have 

Xb(H + V)YXb{H + V)> nX B {H a + V). (4.2) 

Proof. Fix Ei &]E(0), E(oo)[. For all Borel sets Be] — oo,Ei] we have, writing 
Pv(B) = Xb(Ho + V), 

P V (B)(H + V)Pv(B) < EiP v (B). (4.3) 
Since E x e]E(0), E(oo)[, there is s > such that E(s) > E x . Then, 

P v (B)(H(s) + V-sY- E^PyiB) = P V (B)(H + V — E 1 )P V (B) < 0, (4.4) 
and hence, using V > 0, 

sP v (B)YP v (B) > P v (B)(H(s) + V- E 1 )P V {B) (4.5) 
> P v (B)(H(s) - E^PviB) > (E(s) - Eh)P^{B). 
The estimate (4.2) follows □ 

To use Lemma 4.1 we must show that E(oo) > E(Q). This will follow from the 
following lemma. 

Lemma 4.2. Let H , W be as in Definition 1.2 and (1.16), set H(t) = Hq + 
tu-W for t > 0, and let E(t) = \nia{H{t)), E(oo) = lim^^ E(t) = sup t>0 E(t). 
Then 



E(t) > tu-6_ V ' for all t > 0, (4.6) 



and, in particular, 



M d (l+(v£' ) +2tu^)A 

E(oo) > sup tu_5_ v ' > 0. (4.7) 

te[o,oo[ 

Proof. . By our normalization E(0) = 0, and it follows from the min-max principle 
that < E(t 2 ) - E{ti) < (t 2 - ti)u- for < h < t 2 . Thus E{oo) G [0, oo] is well 
defined. 

Given a box A = A L (x ), where x e Z d and L G N odd , L > 72\[d, set Ef\t) = 

mia(H A D) (t)). Note that Ef\t) > E(t) > for all * > since we have Dirichlet 
boundary condition, and we also have 

E ( f\t)<Ma{-^ ) )+tu-=d{l) 2 +tu- (4.8) 

Since Hj®'(t) has compact resolvent, there exists ip(t) € P(A^ D - ) ), HV'WII = 1; 
such that H<f\t)il)(t) = E<f \t)i>(t). Applying Theorem 2.2 with H = h[ D) (t) - 
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Ej^\t) and ip = tp(t), and using (1.16) and (1-17), we get (see [RV, Proof of 
Theorem 4.9] for a similar argument) 

M d (l+\\v^+tu^W-E^\t)\\^) 

6_ V " llocy < (tP(t),W*P(t)) . (4.9) 

Using (4.8), we get 

M d (l+(v^+2tu-+d(f) 2 )%) 

(4>(t),Wip(t)) >5_ v ' for all t > 0. (4.10) 

It follows that 

Ei D \t)>Ei D \0) + tu-S_ \ [ {L>) ) (4.11) 

> tu_5^ v ' . 

Taking A = A^(0) and noting that hin^^oo E^\t) = E(t), we get 

M d (l + (v4°>+2tM_)f ) 

E(t) > tu-6_ V 1 for all t > 0, (4.12) 

so we have (4.6), and (4.7) follows. □ 

We can now prove Theorem 1.6. 

Proof of Theorem 1.6. Let be a be a crooked Anderson Hamiltonian. By 
Lemma 4.2 we have E(oo) > 0, so we can pick E\ £)0,E(oo)[, and we have (1.35). 

Consider a box A = Al(xq), where cc <G Z d and L <G N dd, L > 2 + 5 + . Using 
(1.32), we get 

k{H^,u-W w ,Ei) >k = k(H ,u-W,E 1 ) > 0, (4.13) 
and Lemma 4.1 then gives (1.36). Applying Lemma 3.1 we get (1.38). □ 
We now turn to Theorem 1.7. 



Proof of Theorem 1.7. Let H^ t \ be a crooked Anderson Hamiltonian with disorder 
A > 0, and assume /i has a bounded density p. (The proof for pt uniformly Holder 
continuous is similar.) By Theorem 1.6, E(oo) > 0, so we fix E\ e]0,£'(oo)[. Let 
us pick E 2 e]-Ei, E(oo[ and t* > such that E{t*) > E 2 . 
Now let A be a box as in Theorem 1.6. Then 

P { H L°L > E 2 } > 1 - |A| m {A-^O, **]}>!- A" 1 ** IHL |A| . (4.14) 

Moreover, we have the Wegner estimate (1.38) (we omit the dependence on param- 
eters) : 

E {trPS } , A (/)} < C^A- 1 HplU |/| |A| . (4.15) 

for any closed interval / c] — oo, E\] and boxes A as in Theorem 1.6. 

Using (4.14) and (4.15), we can prove Theorem 1.7 by following the proof of 
[GK2, Theorem 3.1]. □ 
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